Loop quantum gravity without the Hamiltonian constraint 
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We show that under certain technical assumptions, including the existence of a constant mean 
curvature (CMC) slice and strict positivity of the scalar field, general relativity conformally coupled 
to a scalar field can be quantised on a partially reduced phase space, meaning reduced only with 
respect to the Hamiltonian constraint and a proper gauge fixing. More precisely, we introduce, 
in close analogy to shape dynamics, the generator of a local conformal transformation acting on 
both, the metric and the scalar field, which coincides with the CMC gauge condition. A new 
metric, which is invariant under this transformation, is constructed and used to define connection 
variables which can be quantised by standard loop quantum gravity methods. Since this connection 
is invariant under the local conformal transformation, the generator of which is shown to be a 
good gauge fixing for the Hamiltonian constraint, the Dirac bracket associated with implementing 
these constraints coincides with the Poisson bracket for the connection. Thus, the well developed 
kinematical quantisation techniques for loop quantum gravity are available, while the Hamiltonian 
constraint has been solved (more precisely, gauge fixed) classically. The physical interpretation 
of this system is that of general relativity on a fixed spatial CMC slice, the associated "time" of 
which is given by the constant mean curvature. While it is hard to address dynamical problems 
in this framework (due to the complicated "time" function), it seems, due to good accessibility 
properties of the CMC gauge, to be well suited for problems such as the computation of black 
hole entropy, where actual physical states can be counted and the dynamics is only of indirect 
importance. The corresponding calculation yields the surprising result that the usual prescription 
of fixing the Barbero-Immirzi parameter f3 to a constant value in order to obtain the well-known 
formula S = a(<J>)A/(4G) does not work for the black holes under consideration, while a recently 
proposed prescription involving an analytic continuation of /3 to the case of a self-dual space-time 
connection yields the correct result. Also, the interpretation of the geometric operators gets an 
interesting twist, which exemplifies the deep relationship between observables and the choice of a 
time function and has consequences for loop quantum cosmology. 

PACS numbers: 04.20. Ex, 04.20.Fy, 04.60.Pp, 04.70.Dy 



A reduced phase space quantisation of a given theory is 
generally very problematic due to the complexity of the 
representation problem resulting from a non-trivial Dirac 
bracket. When quantising a given classical theory, it is 
often more practical to perform a Dirac-type quantisation 
[l| and to represent the constraints of the classical theory 
on a kinematical Hilbcrt space, as for example done in 
loop quantum gravity [2|, |3[. On the other hand, the 
quantum equations arc generally hard to solve and new 
technical problems, mostly of functional analytic nature, 
arise. 

Concerning general relativity, the Dirac-type quanti- 
sation has been performed in the context of loop quan- 
tum gravity (LQG), as well as quantisations based on 
deparametrisation with respect to matter fields 0-0] 
have been given. While the focus of the available de- 
parametrised models has been on solving the problem 
of time by deriving a true Hamiltonian, there are situa- 
tions, e.g. state counting in the derivation of the black 
hole entropy, where the dynamics are not relevant, but 
only access to the physical Hilbcrt space is needed. For 



this, one would need a gauge fixing T> (a time function) of 
the Hamiltonian constraint ri, i.e. {ri,T>} = invertible, 
which is accessible (at least for the specific situations 
under consideration) and leads to a manageable Dirac 
bracket. The interpretation of such a formulation would 
be to consider general relativity on a fixed spatial slice 
defined by the gauge fixing condition. 

In this paper, we show how such a reduced phase space 
quantisation can be constructed for general relativity 
conformally coupled to a scalar field by using ideas from 
shape dynamics [8j. First, we show that the generator of 
a local conformal symmetry (i.e., in what follows, a local 
rcscaling of the canonical variables) is a good gauge fixing 
for the Hamiltonian constraint. Interestingly, the gener- 
ator coincides with the constant mean curvature (CMC) 
gauge condition [9( , thus being a purely geometric clock. 
A new metric, which is invariant under the local confor- 
mal transformation, is constructed as a compound object 
of the original metric and the scalar field. Due to this in- 
variancc, the Dirac bracket with respect to implementing 
both the Hamiltonian constraint and the generator of the 



conformal symmetry coincides with the Poisson bracket. 
Passing to Ashtckar-Barbcro type connection variables, 
the Ashtekar-Isham-Lewandowski representation of loop 
quantum gravity can be employed. At the quantum level, 
we are left with the Gaufi and spatial diffcomorphism 
constraints. The spatial diffcomorphism constraint poses 
the same difficulties as in standard LQG, e.g. the con- 
struction of spatially diffcomorphism invariant operators 
and the associated question of graph preservation need 
further research. 

As an application, we perform an entropy calculation 
for a family of topologically non-trivial black holes which 
can be treated by the proposed method. The state count- 
ing can thus be performed at the level of the physical 
Hilbcrt space and yields some surprising results. 

Although access to the physical Hilbert space is also 
given in the models [4J47J], it is unclear if their associ- 
ated time functions can be good gauge fixings for the 
Hamiltonian constraint for the type of static black hole 
solutions under consideration in this paper. E.g. since 
{%,£>} would be linear in the momenta for scalar field 
or dust clocks T>, we have {W, V} = in static situations 
at least for the type of foliations (vanishing momentum 
of the scalar field, see the section on black holes) consid- 
ered in this paper. Using other foliations, this objection 
would not hold, however, the CMC foliations considered 
here seem to be the most natural ones for static solu- 
tions. Of course, in other situations, the time functions 
of [4H7| might be better suited than the one presented 
here. Furthermore, we comment on using the variables 
derived in this paper for loop quantum cosmology. 



CLASSICAL ANALYSIS 

The presentation of the calculations in this paper is 
concise, see our more comprehensive companion paper 
[101 ] for details. The action of general relativity confor- 
mally coupled to a scalar field is given by 
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where we defined 



a(*):= 1-a* 2 , A* := i^A*, a := -^^ , 

and D, A 9 , A* denote the spatial dimension and con- 
formal weights of the metric and scalar field respectively. 
The dimension of A is chosen to coincide with the dimen- 
sion of k which renders the field $ dimcnsionlcss. The 
scalar field part of the action, i.e. S — SEinstcin-mibert, is 
invariant under the conformal transformation 
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The D + 1 split of this action gives 
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n denotes the normal vector on the spatial slices, C the 
Lie derivative, K ab the extrinsic curvature, D a the co- 
variant derivative compatible with the spatial metric q ab , 
P = P ab q a b, and K = K ab q ab . It is easy to see that V is 
the generator of local conformal transformations. 

The underlying idea of what follows originates in the 
work of Lichnerowicz [11] and York [l2|: Good initial 
data (satisfying H = = H a ) for general relativity can 
be constructed from specific initial data (a spatial met- 
ric, a transversal trace free second rank tensor field and 
a constant value for the mean curvature) by performing 
a conformal rescaling of the fields with a scaling factor 
satisfying the Lichnerowicz- York equation. On the other 
hand, if, morally speaking, only conformal equivalence 
classes of initial data would be specified, one could per- 
form a conformal transformation to initial data satisfying 
the Hamiltonian constraint without leaving the equiva- 
lence class, i.e. without changing the initial data. It 
therefore transpires that one should try to exchange the 
equation % = for invariance under a local conformal 
rescaling. Parts of this idea have been implemented in 
shape dynamics J8|], however, it was not possible so far to 
find a general solution to the conformal invariance condi- 
tion which could also be quantised in a satisfactory way. 
In this paper, we take this last step by realising that a 
conformally coupled scalar field, as opposed to obstruc- 
tions arising from other matter fields [l3j , allows for a 



non-trivial conformal weight in the generator of the local 
conformal transformation, and thus for the construction 
of a conformally invariant metric. We remark that an 
earlier account of introducing a conformal symmetry 
canonical quantum gravity has been given in 



14, 



however, to the best of our knowledge, the kernel of the 
quantised conformal constraint, which is a part of the 



J 



constraint algebra, has not been studied so far. 

The main result of this section is that the CMC gauge 
T> = is a good gauge fixing for the Hamiltonian con- 
straint at least locally and restricting to spatial slices 
which allow for the T> = gauge. While we restrict to 
zero constant mean curvature in this paper, the general 
case is developed in our companion paper [10J | . More 
precisely, we calculate 
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and conclude that V = is locally a good gauge fixing if 
the elliptic partial differential operator 
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is invertible. By a standard argument from the theory of 
partial differential equations [l 61 ] and using the assump- 
tion of a compact spatial slice without boundary (bound- 
aries and non-compact spatial slices are treated in (lOJ ) , 
it is sufficient to show that 
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If we demand the dominant energy condition {—T^C,^ is 
a future causal vector for all future timelike vectors C) 
and use the field equations as well as the vanishing of the 
constraints, it follows that 
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2q a($) 



holds: 



ptf pah 
2 r ab r ti 



-R^ 



> 



qa{§)'' 



P%,Pg> 0.(11) 



However, the dominant energy condition does not gener- 
ally hold for the conformally coupled scalar field [17| and 
we would have to impose it as additional, though phys- 
ically motivated, constraint. Since the dominant energy 
condition is an inequality, we expect that the dimension- 
ality of the phase space is not reduced by its imposition. 
In particular, the MST black hole discussed later on is 
admissible. Nevertheless, it is only a sufficient condition 
to have © satisfied and it might possibly be relaxed. 

The next step is to construct a new metric variable in- 
variant under local conformal transformations. This new 
variable is built such that the unphysical conformal mode 
of the original metric is accounted for by the scalar field. 
In this way, the physical content of the original scalar 
field becomes part of the new metric. The unphysical 



degree of freedom rests in the new scalar field variable, 
which is reflected by the fact that its conjugate momen- 
tum is given by T>. Explicitly, this is achieved by the 
canonical transformation 



<7ah 



Qab, 
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Indeed, the new Poisson brackets read 



{q ab ,P° d } = 6 c (a 5 d ), {&**} = !■ 
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Here, we restricted ourselves to $ > 0, which can be 
interpreted as a dilaton-typc field $ = exp <p. This re- 
striction is necessary in order not to divide by zero and 
an according restriction on the spacetimes which we want 
to describe follows. 

Next, we pass to the Dirac bracket {-,-}db associated 
with implementing % = T> = simultaneously, which 
solves these constraints classically. We note that q a b 
and P ab are enough functions to parametrise the reduced 
phase space, and since {g a h,2?} = {P ab ,D} = 0, the non- 
vanishing Dirac brackets among them are 

{qab, P Cd }BB = {Qab, P Cd } = 5 C {a 8 d b) . (14) 

The remaining constraint algebra simply reads 

{n a [N a ],n b [M b ]} DB = H a [(C N M) a }. (15) 

Up to the missing Hamiltonian constraint, this system is 
identical to the ADM formulation [18| of general relativ- 
ity and we can thus use standard techniques from loop 
quantum gravity in order to quantise it. 

QUANTISATION 

From the above ADM-type phase space, we can per- 
form a canonical transformation to real connection vari- 
ables as in 1 13. |20| . or in all dimensions D > 2 along 
the lines of [21] . We will shortly discuss the canonical 



transformation in case of the Asthckar-Barbero variables 
in D = 3, see [3[ for further details. We start from the 
symplectic potential 



(SP ab )q ab 



(16) 



from the previous section. Using a tetrad defining q a t, = 
e l a elSij introduces SO(3) (or SU(2)) gauge symmetry and 
the and the symplectic potential becomes 

- (5P ab )q ab = 2E ai 5K ai 
with K„, ---- K bc q nh e r ,, K ab ---- ^(P ab - ±Pg a ^ 



(17) 
and 



E al = e\q ah y/q. Note that K ab is not just a rescaled 
version of the physical extrinsic curvature K ab , but also 
depends on the scalar field and its momentum (jj]). The 
key step to derive the Asthekar-Barbero variables is now 
to show that 



E ai 5f ai + ^e abc d c 



(6el)e cj sgn(det(e)) = 0, (18) 



where T a i is the spin connection compatible with e a i. 
The symplectic potential can thus be rewritten as 

d 3 x2^E ai S^A ai +^ f dS a e abc (6ii)i CJ sgn(det(ej), 

P J da 

(19) 

and we identified the conjugate bulk variables ^> E al = 
{\/l3)E m and ^A ai = T ai + pK ai with /3 e M\{0} being 
the Barbero-Immirzi parameter. The boundary term will 
be discussed later in the section on applications to black 
hole entropy calculations. 

A mathematically rigorous quantisation of this classi- 
cal system can be accomplished by loop quantum gravity 
metho ds \a, [3j and the uniqueness result on the represen- 
tation [22l | when demanding a unitary representation of 
the spatial diffeomorphisms remains valid since the spa- 
tial diffcomorphism constraint still has to be quantised. 
The difference to loop quantum gravity is, however, that 
the Hamiltonian constraint has been solved already clas- 
sically and the usual complications associated with its 
quantisation do not arise. 

The Gaufi and spatial diffcomorphism constraint can 
be solved by standard methods [3J|. As for spatially dif- 
fcomorphism invariant operators, in our case physical 
observables, we have nothing new to add to the usual 
treatment, see [3J] for an exposition. Further research 
for a better understanding of these operators, especially 
graph-changing ones, is nevertheless needed. 



GEOMETRIC OPERATORS 

The geometric operators of loop quantum gravity, such 
as the area and volume operators, can be constructed in 
the usual manner from the invariant connection. How- 
ever, their interpretation now changes since their spec- 
trum has to be related with the geometry based on the 



non-invariant metric. It follows that, morally speaking, 

A inv = $ 2 A L( ^ G V inv = $ 2D /( D ~ 1 }v L Q G (20) 

where the usual LQG operators measure the actual ge- 
ometry while the invariant operators have the famil- 
iar discrete spectrum. A similar, although conceptually 
different, observation has been made by Ashtekar and 
Corichi in [23[. We remark that the possible occurrence 
of such a phenomenon has been emphasised by Dittrich 
and Thiemann 24[: The geometric operators of LQG 
might change their spectrum when taking into account 
the Hamiltonian constraint. This has to be seen in con- 
trast to the result of [4|, [5| , where the spectra remain un- 
changed. The change in spectrum has to be attributed 
to the different choice of equal time hypcrsurfaces, i.e. 
V = in our case and, e.g. $ — const = in |5j, 
and the different resulting invariant geometric operators, 
which have to Poisson commute with the time function 
at the classical level. Further discussion on this issue is 
given in our companion paper [lOj. It is interesting to 
note that when using a Higgs-type potential for $ which 
leads to a non- vanishing vacuum expectation value (<J?), 
one could approximate the invariant geometric operators 
by the LQG geometric operators times a constant which 
changes the fundamental geometric scale by a factor of 
1/ ($) in Planck units. While this might present a mecha- 
nism to increase the fundamental scale of LQG and make 
it thus more accessible to experiments, we caution the 
reader that such an interpretation is strongly tied to the 
type of foliation we are using and that the associated dy- 
namics have to be investigated to check for consistency 
with current experiments, thus making further research 
necessary before jumping to conclusions. Also, the pro- 
posed quantisation of <J> would be very different than in 
the standard model, since $ would be quantised as a part 
of the invariant metric instead of a usual scalar field. 

Of course, at this point, these invariant operators still 
do not commute with the spatial diffcomorphism con- 
straint, which could for example be achieved by tying 
their domain of integration to physical values of other 
matter fields. We leave this issue for further research. 



APPLICATION TO BLACK HOLE ENTROPY 

One of the major open problems in the calculation of 
black hole entropy in the loop quantum gravity frame- 
work is the treatment of the Hamiltonian constraint. 
While the constraint vanishes on the black hole horizon 
[25| and therefore does not have to be taken into account 
there, it still acts on the bulk. In the entropy calcula- 
tions, it is assumed that every horizon state has at least 
one extension into the bulk which is annihilated by the 
Hamiltonian constraint, a proof, however, has not been 
given so far. On the other hand, using the techniques de- 
veloped in this paper, the problem of implementing the 



Hamiltonian constraint in the bulk docs not even arise, 
since it is solved classically. We briefly sketch the rele- 
vant aspects of the black hole entropy calculation in our 
framework and comment on the outcome. Building on 
the results of [23u26h28| |. the entropy can be calculated by 
counting the horizon states which are in agreement with 
the macroscopic properties of the black hole prescribed 
by the invariant area operator instead of the usual LQG 
area operator. 

First, we remark that several black hole solutions for 
general relativity conformally coupled to a scalar field ex- 
ist, which avoid the no-hair theorems in 3+ 1 dimensions 
and allow for non-trivial horizon topologies, see [29| for 
an overview. In order to treat them in our framework, 
we first have to check if the gauge T> = is accessible. 
For simplicity, let us restrict to static, i.e. the metric and 
the scalar field do not depend on the time coordinate t, 
3 + 1 dimensional solutions. Choosing the t = const, 
hypersurfaces as the leaves of our foliation, accessibility 
directly follows since all the momenta, and thus T>, van- 
ish in this case. Next, we have to check if the gauge is 
well behaved, i.e. © has trivial kernel (an extension to 
non-compact spatial slices is treated in [lOj, where we 
also discuss global aspects) . In the case of vanishing cos- 
mological constant A, the scalar field is diverging at the 
horizon and we neglect this case. For A > 0, it was shown 
in |l0| that T> can be supplemented with an additional 
term to imply that © has trivial kernel. However, this 
additional term would spoil the accessibility of the gauge 
for the t = const, foliation. On the other hand, for A < 0, 
T> may remain unaltered and triviality of the kernel still 
follows. The corresponding black hole solution has been 
found by Martinez, Staforclli and Troncoso, it describes 
an asymptotically locally AdS black hole and admits non- 
trivial horizon topologies of the form H 2 /T, where H 2 is 
the hyperbolic plane and T is a freely acting discrete sub- 
group of 0(2, 1) [30(. In the following, a spatial constant 
mean curvature slice of the horizon will be called S, its 
area A, and its Euler characteristic x- Note that H 2 /T 
is topologically equivalent to a handle body with genus 
g and Euler characteristic \ = 2(1 — g). The case g = 1 
of a torus has to be excluded since x = would lead to 
ill-defined expressions in the following calculations. The 
afore mentioned black hole solution also needs a quartic 
self-interaction term of the scalar field, which however 
does not spoil the applicability of the techniques devel- 
oped here, as discussed in depth in our companion paper 



One might object that the gauge is not fixed com- 
pletely in the above static spacetime, because V = can 
select any t = const hypersurface. However, the transfor- 
mation between different t = const hypersurfaces is not a 
gauge transformation but an asymptotic symmetry and 
thus not a constraint which we have to fix, see also [10| . 
This can be seen by the fact that the corresponding lapse 
function would not vanish sufficiently fast at asymptotic 



infinity, thus leading to boundary terms which spoil the 
invertibility of ((5J. Still, non-trivial global problems 
could appear such as additional T> = surfaces with dif- 
ferent shapes and t ^ const, corresponding to the well 
known problem of Gribov copies. These have to be stud- 
ied in detail for the specific black hole solutions under 
consideration. We will neglect this potential complica- 
tion in this paper. 

In the following, we will briefly outline the results of 
the proposed state counting in the U(l) framework orig- 
inally introduced by Asthekar et al. |25j, I3ll - l33| (The 
SU(2) framework 3J, |35[ works equally well, but ref- 
erence to the complete Hamiltonian treatment given in 
[3j , which we will follow closely, facilitates the discussion 
in this paper.) To do this, we will generalize the cal- 
culations given in chapter 15 of [3| to our case at the 
appropriate points. The definition of isolated horizons 
remains unchanged in presence of the conformally cou- 
pled scalar field. It is however important that the scalar 
field is constant on a horizon slice 5*. It is well known 
that due to the conformal coupling, the entropy does not 
obey the usual area law Sbh = ^/(4G), but it picks up 
a factor of a($) and the correct expression should read 
Sbh = a($)A/(4G). In the context of loop quantum 
gravity, this has been confirmed in 26|, |36[ starting from 
a first order framework. Before commenting on this re- 
sult and the relation to ours, we will first outline the 
calculation in our framework. 

The important observation which allows to calculate 
the black hole entropy in the isolated horizon framework 
in loop quantum gravity is that the canonical transforma- 
tion to connection variables yields a Chern-Simons sym- 
plectic potential on the boundary S of a. In order to 
derive this result, considers the boundary term 



— / 8m A 77i, 
P Js 



(21) 



induced by the canonical transformation in the quan- 
tisation section, where m is the complex co-dyad on 
S. Note that we used sgn(det(e)) = sgn($ 3 det(e)) = 
sgn(<I>)sgn(det(e)) = 1, since sgn(<I>) = 1 because 
we restricted to $ > and we can always assume 
sgn(det(e)) = 1 classically. It can be shown that the 
symplectic potential 



— / 5m A m 
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(22) 



is closed, where W is the SO(2) spin connection compat- 
ible with ?7i on S and c = —^-. Thus, up to the closed 
form (|22|) . the symplectic potential on the boundary co- 
incides with a U(l) Chern-Simons symplectic potential. 
In [3j, the calculation was restricted to S being a two- 
sphere, thus having Euler-characteristic \ = 2. The gen- 
eralisation to different topolo gies is straight forward and 
has already been discussed in 27j • The constant c enters 



the level of the Chern-Simons theory and ultimately the 
final expression for the entropy. 

In order to generalise this calculation to our case, we 
have to use a conformally invariant rh = m$. In terms 
of rh, the symplectic potential 
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is closed due to $ being constant on S and being held 
fixed in variations. Since W is a homogeneous function 
of degree zero of m for global rescalings, it follows that 
W = W. The next ingredient in the calculation is the 
isolated horizon boundary condition 



dW = {3c (*E)jS J 3 



(24) 



relating the bulk degrees of freedom probed by the flux Ej 
to the field strength dW of the Chern-Simons connection 
W. In the same way as above, it is replaced by 



dW = ^(*E) j 5i. 



(25) 



in our case. Instead of c, we obtain a rescaled constant 
c = c/$ 2 = —^s, which coincides with c up to the fact 
that the area A of S is replaced by the invariant area 
A<& as measured by the invariant area operator. The 
rest of the entropy calculation works exactly as before, 
just with the substitution of the invariant area instead of 
the area. The final result is 
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(26) 



with j3q being a constant. The appearance of the addi- 
tional factor $ 2 in the final formula can be understood in 
the following way: In loop quantum gravity, the canon- 
ical variables are given by the rescaled densitised triad 
{f}) E a = (\/j3)Ef and the conjugate SU(2)-connection 
(P'A a i = T ai + /3K a i, where K ai is the contraction of the 
extrinsic curvature with the co-triad K ai = K ab e\ . In the 
case of a conformally coupled scalar field we are consid- 
ering here, the variable conjugate to Ef is changed from 

K 3 b to K'l := a{$)[iq + (a'(*)/2a(*))ej£i*]> which 
follows from Q. Since $ is constant on S, using the 
conformally invariant variables ^>Ef — (Q 2 /(3)Ef and 
K ai = (l/$ 2 )K' ai in WAri = f ai + f3K ai is exactly like 
using a redefined Barbero-Immirzi parameter (3 — /3/<f> 2 . 
This parameter will consequently show up in the final 
expression for the entropy. Since the canonical transfor- 
mation relating different choices for /3 cannot be imple- 
mented on the holonomy flux algebra, the spectrum of 
observables and thus the black hole entropy can depend 
on the choice of j3, or, in our case, on the effective j3. 

It has been customary to fix the value of the Barbero- 
Immirzi parameter /3 by this type of entropy calculation 
to /3o in order to obtain the familiar area law. The valid- 
ity of this procedure has been checked for many different 



types of black holes and matter contents of the theory 
by showing that /3q is always the same number. How- 
ever, we see three problems with this procedure for our 
specific choice of black hole. First, the appearance of 
the Euler characteristic of the horizon spoils fixing (3. In 
[271 ]. it was argued that one should restrict to horizon 
topologies of spheres and handle bodies with genus 2 for 
both of which \x\ = 2. However, we cannot see why the 
sketched entropy calculation should not be valid also for 
S topologically being a higher genus handle body and 
thus yielding a different prefactor for the entropy for dif- 
ferent topologies. Second, the value of $ on S explicitly 
enters the entropy formula outside of the wanted expres- 
sion a($). Since $ depends on the mass of the black hole 
|30|, fixing (3 is again not an option. Third, and most 
importantly, the factor a($) is missing. The second and 
third issue are closely connected through the choice of 
effective Barbero-Immirzi parameter as discussed below. 
The third can be evaded by a different choice of variables 
which are not conformally invariant as explained at the 
end of this section. The second issue would consequently 
also disappear, but at the price that the state counting 
would not be based on physical states any more. The 
first issue would however remain in any case. From a 
different point of view, one might argue that it is accept- 
able, although not desirable, to fix (3 to different values 
for different black holes. This standpoint however breaks 
down as soon as one has different black holes of the above 
type in the same spacetime, a feature which one expects 
on general physical grounds. 

A possible way to solve this problem has been recently 
proposed in [371 ] , where the authors observe that an ana- 
lytic continuation of the formula for the dimension of the 
state space of the Chern-Simons theory compatible with 
the macroscopic area A to the complex value f3 = ±i, 
yields the area law Sbh = ^V(4G) + corrections inde- 
pendently of the exact form of the Chern-Simons level. 
In this approach, the different factors in the level of the 
Chern-Simons theory only appear in logarithmic correc- 
tions instead of the leading term, which is in contrast 
to the traditional approach of fixing (3 = f3$. The choice 
[3 = ±i plays a distinguished role since the corresponding 
Ashtckar connection is the pullback of the (anti) self-dual 
spacetime spin connection. However, one has to keep in 
mind that the quantum theory for (3 = ±z is ill-defined 
and the derivation is only formal. 

Still applying the method of [37J to the case at hand, 
we first have to clarify which value of j3 needs to be cho- 
sen in order that the corresponding connection plays the 
same distinguished role. A first order action for the con- 
formally coupled scalar field using (anti) self-dual con- 
nections and the canonical analysis thereof was given in 
[3a ] . The canonical variables, adapted to our notation, 
turn out to be Ef := =fia($)Ef and A bj := T bj ± iK bj , 
where T b j is compatible with Ef and K b j := (l/a($>))KL 
(the scalar field momentum 7r$ is modified accordingly 



but its form is not relevant in what follows). Af,j is the 
pullback of the on-shell self-dual spacetime connection 
(i.e. if the equations of motion hold). Comparison with 
the conformally invariant variables (|19[) reveals that in 
the presence of a conformally coupled scalar field, one 
has to analytically continue j3 to ±i$ 2 /a($). This obvi- 
ously transforms (l/(3)E al and (3Kbj into E al and ±iKbj. 
Furthermore, in the spatial bulk, setting this value for j3 
corresponds to a local conformal transformation, and to 
implement it canonically, we have to change the connec- 
tion part T{,j in A al to Iy. In total, the analytical con- 
tinuation (3 —> ±i$ 2 /a($) transforms A ai into the (anti) 
self-dual connection A a i. 

Going through the calculations of [37[ for the case at 
hand, the factor $ 2 appearing in (J26)) is canceled by a 
similar factor from the invariant area operator, giving 
the final result S*bh = a($)A/(4G), i.e. the needed factor 
a($) is recovered. We emphasise that we currently don't 
understand why this method yields the correct result or 
what the deeper implications it might have. For now, 
we consider it as an ad-hoc procedure which yields the 
correct result in a case where the usual prescription of 
setting (3 = /3q fails. 



A further comment is in order: At first sight, (|26|) 
seems to contradict the results of [26|, |36( , where an en- 
tropy proportional to a($) was obtained by fixing (3 = /3o- 
However, in that work, one started from a first order 
framework which naturally leads to the conjugate vari- 
ables K a i and ±iE at . As we have seen before, they are 
related with the conformally invariant variables we use 
by a rescaling with $ 2 /a($) (and a corresponding mod- 
ification in the momentum 7r$ to make the transforma- 
tion canonical). While this choice of variables is clas- 
sically equally valid and leads to an additional factor of 
a($)/$ 2 in the entropy due to a further modified effective 
Barbero-Immirzi parameter, it is not conformally invari- 
ant and the state counting cannot be based on physical 
states by the methods of this paper. We remark that this 
is not meant as a criticism of this choice of variables, it 
just means that these variables are not well suited for the 
constant mean curvature gauge fixing used in this paper. 

The standard loop quantum gravity entropy calcula- 
tion thus generalise rather straightforwardly to the pro- 
posed version of loop quantum gravity on a constant 
mean curvature slice. However, it turns out that fix- 
ing /3 = /?o in order to obtain the well known area law 
Sbh = o($)A/(4G) does not work in this case since there 
is an additional explicit dependence on the horizon topol- 
ogy and the value of the scalar field at the horizon enters 
not as expected. The recently proposed method of an- 
alytically continuing /3 to obtain a self-dual connection 
however solves these problems, which suggests to pursue 
the line of research started in [37[ further. 



APPLICATION TO LOOP QUANTUM 
COSMOLOGY 



The area gap of full loop quantum gravity is a key 
input into the loop quantum cosmology framework, see 
e.g. [391 ] . especially in the improved dynamics given by 
the p, scheme [40|, since it prescribes the minimal area 
around which the field strength in the Hamiltonian con- 
straint is approximated via holonomies. On the other 
hand, the results of this paper show that one can choose 
a time function in full loop quantum gravity which is 
compatible with spatial homogeneity and isotropy, e.g. 
K oc a/a for flat Friedmann-Lemaitre-Robertson- Walker 
models, and yields a field dependent area gap, which af- 
fects the Hamiltonian constraint based on this choice of 
variables in a non-trivial way. 

From a phenomenological point of view, we expect that 
comparison with experiment would yield a lower bound 
on the magnitude of the scalar field (modulo the Barbero- 
Immirzi parameter), since otherwise the fundamental ge- 
ometric scale would be too large and in conflict with cos- 
mological observations. However, loop quantum cosmol- 
ogy based on the presented variables is also interesting 
from a technical point of view, since it requires us to 
polymerise not only the gravitational variables, but also 
the scalar field. Otherwise, the difference equation re- 
sulting from the Hamiltonian constraint, which now has 
a field dependent step size, would be in conflict with the 
technical nature of the almost periodic functions used in 
the construction of the loop quantum cosmology Hilbcrt 
space, since these are excited only at a finite number of 
points. 



CONCLUDING REMARKS 

• We underline that the original idea of trading the 
Hamiltonian constraint for a local conformal invari- 
ance originated in shape dynamics [8(. The main 
new input in our formalism is that a conformally 
coupled scalar field allows for a non-trivial confor- 
mal scaling and thus for the construction of an in- 
variant metric from which quantisation can start. 
Also, we do not have a global Hamiltonian as in [8| 
since we are not restricting to volume preserving 
conforiual transformations. 

• An extension to standard model matter, a cosmo- 
logical constant, and non-compact spatial slices is 
discussed in our companion paper [l0(. 

• Since dilaton fields are naturally appearing in su- 
pergravity, we plan to investigate an extension of 
our framework to this setting. Here, it will be in- 
teresting to check what extent of supersymmetry is 
compatible with the T> = gauge fixing or how one 
could also gauge fix the supersymmetry constraint. 
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